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Abstract
This paper studies nonlinear deformations of the linear gauge theory of any number of spin-2 and
spin-3/2 fields with general formal multiplication rules in place of standard Grassmann rules for
manipulating the fields, in four spacetime dimensions. General possibilities for multiplication rules
and coupling constants are simultaneously accommodated by regarding the set of fields equivalently
as a single algebra-valued spin-2 field and single algebra-valued spin-3/2 field, where the underlying
algebra is factorized into a field-coupling part and an internal multiplication part. The condition
that there exist a gauge invariant Lagrangian (to within a divergence) for these algebra-valued
fields is used to derive determining equations whose solutions give all allowed deformation terms,
yielding nonlinear field equations and nonabelian gauge symmetries, together with all allowed
formal multiplication rules as needed in the Lagrangian for demonstration of invariance under the
gauge symmetries and for derivation of the field equations. In the case of spin-2 fields alone, the
main result of this analysis is that all deformations (without any higher derivatives than appear
in the linear theory) are equivalent to an algebra-valued Einstein gravity theory. By a systematic
examination of factorizations of the algebra, a novel type of nonlinear gauge theory of two or
more spin-2 fields is found, where the coupling for the fields is based on structure constants of
an anticommutative, anti-associative algebra, and with formal multiplication rules that make the
fields anticommuting (while products obey anti-associativity). Supersymmetric extensions of these
results are obtained in the more general case when spin-3/2 fields are included.
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I. INTRODUCTION AND SUMMARY
It has long been known [1, 2, 3, 4] that the Einstein gravitational field equations describe
a nonlinear gauge theory of a massless spin-2 field (i.e. graviton) as defined by the difference
of the gravitational metric tensor and any fixed background flat metric, where the gauge
symmetry arises from diffeomorphisms on the metric field tensor. Moreover, the uniqueness
of this theory in providing a consistent nonlinear self-coupling for a spin-2 field is by now
well established from many points of view [5, 6, 7, 8, 9, 10, 11]. Nevertheless, there has been
some interest in recent years in the possibility of consistent novel nonlinear gauge theories
of spin-2 fields. This paper significantly elaborates one avenue of work on such possibilities.
The motivation is explained by certain features of classical supergravity theories
[12, 13, 14], viewed as a supersymmetric extension of the Einstein gravity theory involving,
as a matter source, a massless spin-3/2 field (i.e. gravitino) that is required to be formally
anticommuting. In this extension, the massless spin-2 field remains formally commuting,
while products of the spin-2 and spin-3/2 fields are manipulated by formal rules of Grass-
mann multiplication. These rules, which serve as classical counterparts of graviton-gravitino
quantum field commutation relations, are used for manipulations in the Lagrangian to es-
tablish supersymmetry invariance and to derive the field equations. N= 1 supersymmetry
involves a single pair of spin-2 and spin-3/2 fields, but for N> 1 a complete supersymmetry
multiplet [14] requires more fields, and notably, additional spin-2 fields are needed if N> 8.
These features naturally suggest exploring the possibilities for nonlinear gauge theories of,
firstly, a set of at least two ordinary (commuting) spin-2 fields, and secondly, a single spin-2
field with formal multiplication rules that make it noncommuting. Mathematically, note
that a set of n ≥ 1 ordinary spin-2 fields is equivalent to a single spin-2 field possessing an
internal structure of a real n-dimensional vector space. Consequently, in a nonlinear theory
the coupling constants that appear in the Lagrangian for a set of ordinary spin-2 fields
thereby correspond to an algebraic structure on the internal vector space possessed by an
equivalent single algebra-valued spin-2 field. The resulting algebraic structure, furthermore,
serves to provide multiplication rules for manipulating products of the algebra-valued spin-2
field in the Lagrangian. This discussion shows that there is a well-defined mathematical
equivalence between nonlinear theories of a set of ordinary (i.e. real-valued) spin-2 fields
and nonlinear theories of a single spin-2 field with formal multiplication rules represented
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by an internal algebra in which the spin-2 field takes values. In particular, under this point
of view, Einstein gravity theory for a single commuting spin-2 field formulated using even-
Grassmann multiplication rules is the same as a nonlinear theory found by Cutler and Wald
[15, 16] for a set of real-valued spin-2 fields with coupling constants corresponding to any
even-Grassmann algebra. More precisely, the equivalence here is such that each spin-2 field
is associated with a basis element in this algebra [16].
These considerations carry over in an obvious way to spin-3/2 (and other) fields. As a
result, N= 1 supergravity theory for a single commuting spin-2 field and a single anticommut-
ing spin-3/2 field based on Grassmann multiplication rules has an equivalent formulation
as a nonlinear theory of a set of ordinary (real-valued) spin-2 and spin-3/2 fields whose
coupling constants are associated with any Grassmann algebra [17, 18]. This motivates a
fundamental question of whether classical N= 1 supergravity theory formulated in terms
of a Grassmann algebra is the unique possibility for a nonlinear gauge theory of a set of
ordinary spin-2 and spin-3/2 fields; and likewise, whether its graviton sector given by the
formulation of Einstein gravity theory involving an even-Grassmann algebra is the unique
possibility for a nonlinear gauge theory of a set of ordinary spin-2 fields alone.
The most systematic approach for determining all possibilities for nonlinear spin-2/spin-
3/2 gauge theories is by a deformation analysis of linear abelian gauge theory of a set of
ordinary spin-2 and spin-3/2 fields. Here, deformations refer to adding quadratic and higher
power terms in the linear field equations while adding linear and higher power terms in the
abelian gauge symmetries, such that there exists a gauge invariant Lagrangian (to within
a total divergence), with the undeformed Lagrangian of the linear abelian theory not being
equivalent to the deformed Lagrangian under field redefinitions. The condition of gauge
invariance can be used to obtain determining equations to solve for the allowed form of
the deformation terms order by order in powers of the fields (see Refs. [19, 20]). Two
natural restrictions on the general form considered for these terms come from requiring that
the deformations preserve the number of gauge degrees of freedom and initial-data degrees
of freedom for the fields. This leads to restricting any derivatives in the deformed gauge
symmetries and field equations to be of no higher order than those in the linear theory [18],
which will then be referred to as a non-higher-derivative deformation.
A complete analysis of non-higher-derivative deformations for a set of arbitrarily many
spin-2 and spin-3/2 fields in four spacetime dimensions, without further restrictions or special
3
assumptions on possible forms for gauge symmetries and field equations, was first carried
out in Ref. [18] using a field theoretic formulation of the deformation determining equations.
This analysis obtained two strong uniqueness results: First, for a set of spin-2 fields alone,
the only non-higher-derivative deformations are equivalent to Einstein gravity theory for
an even-Grassmann algebra-valued spin-2 field. However, for a set of spin-2 and spin-3/2
fields, the allowed non-higher-derivative deformations correspond to a chiral generalization
of classical N= 1 supergravity theory for an algebra-valued pair of spin-2 and spin-3/2 fields
involving a novel modification of a Grassmann algebra such that the spin-3/2 field is only
anticommutative in combination with charge conjugation, while the spin-2 field remains
commutative, but commutativity (and associativity) of the spin-2 field in products with
the spin-3/2 field holds only in combination with charge conjugation. The origin of this
generalization stems from the Weyl-spinor formulation of supergravity theory, in which the
anticommuting nature of the spin-3/2 field is found to be never needed separately from charge
conjugation [21]. This allows dispensing with certain Grassmann multiplication rules, and
thereby defines a non-Grassmann multiplication intertwined with charge conjugation. As a
consequence, the supergravity field equations and supersymmetry become deformed by some
chiral terms that otherwise would vanish if the spin-3/2 field were strictly anticommuting.
These terms essentially maintain the gauge invariance for the deformation. The formulation
of the resulting chiral generalized N= 1 supergravity Lagrangian [21] in terms of a pair of
non-Grassmann algebra-valued spin-2 and spin-3/2 fields is explained in Ref. [18].
It is worth emphasizing that, due to gauge invariance, the coupling of the spin-3/2 field
to the spin-2 field in this generalized N= 1 supergravity theory is completely consistent.
Moreover, when viewed as a nonlinear gauge theory of a pair of spin-2 and spin-3/2 fields
with formal internal multiplication rules, it shares the same key features as standard classical
N= 1 supergravity theory — well-posedness of the initial value problem [23], formal positive
energy properties [24], and a geometrical description [25] in terms of curvature of the metric
tensor associated to the spin-2 field, with a matter source and torsion determined by the
spin-3/2 field. In the corresponding formulation for a set of ordinary spin-2 and spin-3/2
fields, the field equations continue to be well-posed and retain a geometrical meaning in
terms of an algebra-valued metric and curvature given by the spin-2 fields, as discussed
in detail in Ref. [16], and an algebra-valued torsion and matter source determined by the
spin-3/2 fields, outlined in Ref. [18]. However, the field equations viewed in this manner
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have a partially decoupled nonlinear structure, where the coupling terms reflect the algebra
multiplication relations among the basis elements of the internal algebra [17]. As a result
of this structure, the canonical stress-energy tensor obtained from the Lagrangian for the
set of field equations is found to yield a total energy that, in general, is of indefinite sign.
(This feature has been studied in Ref. [22] for an analogous nonlinear theory of a set of
scalar fields, describing a standard quartic self-coupling for an equivalent algebra-valued
single scalar field, with a simple choice of internal algebra.)
The non-positivity of energy for these coupled ordinary spin-2 and spin-3/2 fields is
directly related to the multiplication being nontrivial in the internal algebra on which the
nonlinear gauge theory is based. Indeed, in Ref. [26] it was subsequently shown that in the
case of a set of spin-2 fields the only internal algebra yielding a nonlinear gauge theory whose
canonical energy is positive is given by a direct sum of one-dimensional unit algebras. (This
feature extends to the more general case of a set of spin-2 and spin-3/2 fields [27].) Ref. [26]
also gave a deformation analysis that generalized the uniqueness result for even-Grassmann
valued Einstein gravity theory as a nonlinear gauge theory for a set of ordinary spin-2
fields, by relaxing the natural restriction on highest order derivatives in deformations of the
spin-2 gauge symmetries (and allowing other than four spacetime dimensions) through the
use of powerful BRST cohomology techniques [28] to formulate and solve the deformation
determining equations.
To-date, all previous investigations of nonlinear gauge theories for a set of spin-2 fields,
and more generally, a set of spin-2 and spin-3/2 fields, have considered only ordinary (i.e.
real-valued) fields. This excludes, consequently, the possibility of more than one anticom-
muting spin-3/2 field with formal odd-Grassmann multiplication rules, as would arise in
N> 1 supersymmetry multiplets. It also excludes the more exotic possibility of a noncom-
muting spin-2 field. The main purpose of the present paper is to fill the previous gaps by
giving a systematic determination of all possible nonlinear gauge theories of an arbitrary
number of spin-2 and spin-3/2 fields each with its own internal formal multiplication rules,
and as a special case, spin-2 fields with other than even-Grassmann multiplication rules,
in four spacetime dimensions. The results yield an exotic classical nonlinear gauge theory
of anticommuting spin-2 fields, and a supersymmetric extension with commuting spin-3/2
fields, employing formal multiplication rules in which the usual spin-statistics relation for
the spin-2/spin-3/2 fields is reversed at the classical level. (These nonlinear theories turn
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out to involve only products of distinct fields, but never a product of any field with itself,
so anticommutativity is not needed to hold for each individual spin-2 field and likewise for
commutativity of each individual spin-3/2 field, in remarkable accordance with the general
spin-statistics relations [29] allowed by quantum field theory.) In Sec. II the deformation
analysis used to find these theories is summarized, and uniqueness results from this analysis
are stated. The theories are presented in detail in Sec. III. Some features of the theories are
discussed along with a few concluding remarks in Sec. IV. An appendix summarizes some
material on relevant algebras.
II. DEFORMATION ANALYSIS
We begin by setting up the framework for deformations, using a generalization of the
formalism (and notation) of Ref. [18] to accommodate any number of spin-2 and spin-3/2
fields with an internal vector space structure for any formal multiplication rules.
A. Preliminaries
The spin-2 fields are taken to be real spinorial tensors haBB′
µ, µ = 1, . . . , n, and the
spin-3/2 fields are taken to be complex vector-spinors ψaB
Λ, Λ = 1, . . . , n′. This choice
of variables is motivated by the chiral spinorial formulation of classical N= 1 supergravity
theory [30] that uses a null spinorial tetrad eBB
′
a and a Weyl vector-spinor ϕ
B
a which are,
respectively, even and odd Grassmann-valued. Linearization about a flat tetrad σaBB′ and a
zero vector-spinor in that theory yields a spin-2 field haBB′ = eaBB′ − σaBB′ and a spin-3/2
field ψaB = ϕaB , where n = n
′ = 1.
Each field haBB′
µ, ψaB
Λ here is regarded as taking values in an internal vector space X,Y,
where we fix X to be a real vector space of some arbitrary dimension with a basis x1,x2, . . .,
and Y to be a complexified vector space of some arbitrary dimension with a basis y1,y2, . . .,
respectively. The structure necessary to formulate internal multiplication rules for haBB′
µ
and ψaB
Λ will be given by multilinear maps from products of X,Y, into X and Y. Note
that the coefficients in a basis expansion of such products define multiplication structure
constants, which represent the multiplication rules. With respect to these bases, we expand
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the fields
haBB′
µ = haBB′
µ,1
x1 + haBB′
µ,2
x2 + · · · , ψaB
Λ = ψaB
Λ,1
y1 + ψaB
Λ,2
y2 + · · · (2.1)
where haBB′
µ,1, haBB′
µ,2, . . ., ψaB
Λ,1, ψaB
Λ,2, . . . are ordinary real-valued spinorial tensor fields
and complex-valued vector-spinor fields. Products of haBB′
µ and ψaB
Λ involving inter-
nal multiplication rules then reduce to ordinary products of haBB′
µ,1, haBB′
µ,2, . . . and
ψaB
Λ,1, ψaB
Λ,2, . . . as specified by the multiplication structure constants. This allows the
set of ordinary spin-2 and and spin-3/2 fields haBB′
µ,A, ψaB
Λ,A′ (A = 1, 2, . . . ,A′ = 1, 2, . . .)
to be used as the field variables for the subsequent framework here. For this purpose it is
convenient hereafter to employ the multi-index notation Aµ = (µ,A), A
′
Λ = (Λ,A
′). The
summation convention with respect to a repeated index Aµ will mean a sum over both µ
and A, and similarly, a sum over both Λ and A′ for a repeated index A′Λ.
To proceed, we start from the linear abelian gauge theory for the set of n ≥ 1 spin-2
fields and n′ ≥ 1 spin-3/2 fields each with an internal vector space structure (2.1), on a flat
4-dimensional spacetime manifold. In terms of the ordinary field variables haBB′
Aµ , ψaB
A′Λ ,
the linear spin-2 field equations are given by the Fierz-Pauli equation
0 = ∂c∂cγab
Aµ − 2∂c∂(aγb)c
Aµ + ηab∂
c∂dγcd
Aµ = 4Eh
(1)
Aµ
ab (2.2)
with γab
Aµ = hab
Aµ − 1
2
ηabhc
cAµ where hab
Aµ = σ(b
BB′ha)BB′
Aµ , and the linear spin-3/2 field
equations are given by the Rarita-Schwinger equation
0 = ǫ a
bcdσbB
B′∂cψ¯dB′
A′Λ = 2iEψ
(1)
A′Λ
aB (2.3)
where σbBB′ is any flat spinorial tetrad and ǫ abcd = 2iσ[a|A′|
Aσb|B|
A′σc|B′|
Bσd]A
B′ is the asso-
ciated volume tensor of the flat metric ηab = σa
CC′σbCC′ . The abelian gauge symmetries on
these field variables consist of infinitesimal variations given by a linearized general-covariance
symmetry
δξ
(0)
haBB′
Aµ = 2σbBB′∂(aξb)
Aµ , δξ
(0)
ψaB
A′Λ = 0, (2.4)
a linearized supersymmetry
δζ
(0)
ψaB
A′Λ = ∂aζB
A′Λ , δζ
(0)
haBB′
Aµ = 0, (2.5)
and a linearized local Lorentz symmetry
δχ
(0)
haBB′
Aµ = σaB′
AχAB
Aµ + c.c., δζ
(0)
ψaB
A′Λ = 0, (2.6)
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which involve as respective variables the arbitrary covector fields ξa
Aµ , spinor fields ζB
A′Λ ,
and symmetric spinor fields χAB
Aµ = χ(AB)
Aµ . The field equations have a gauge invariant
Lagrangian formulation given by
(2)
L = 1
2
qAµBνhaBB′
AµEh
(1)
aBB′Bν + 1
2
(q′A′ΛB′Γ
ψ¯aB′
A′ΛE¯ψ
(1)
aB′B′Γ + c.c.) (2.7)
where qAµBν and q
′
A′ΛB
′
Γ
are, respectively, components of any fixed diagonal real-symmetric
and skew-hermitian nondegenerate matrices. In particular, through Euler-Lagrange opera-
tors Eh
Aµ
aBB′( · ) and Eψ
A′Λ
aB ( · ), which annihilate total divergences, the Lagrangian (2.7) yields
the field equations
Eh
(1)
Aµ
ab = Eh
Aµ
ab (
(2)
L), Eψ
(1)
A′Λ
aB = Eψ
A′Λ
aB (
(2)
L), (2.8)
while invariance with respect to the gauge symmetries is expressed by
Eh
Aµ
aBB′(δξ
(0)(2)
L) = Eh
Aµ
aBB′(δζ
(0)(2)
L) = Eh
Aµ
aBB′(δχ
(0)(2)
L) = 0, (2.9)
Eψ
A′Λ
aB (δξ
(0)(2)
L) = Eψ
A′Λ
aB (δζ
(0)(2)
L) = Eψ
A′Λ
aB (δχ
(0)(2)
L) = 0. (2.10)
A deformation of this linear theory is defined by adding terms of linear and higher powers
to the abelian gauge symmetries
(0)
δ haBB′
Aµ +
(1)
δ haBB′
Aµ + · · · = δhaBB′
Aµ ,
(0)
δ ψaB
A′Λ +
(1)
δ ψaB
A′Λ + · · · = δψaB
A′Λ , (2.11)
while simultaneously adding terms of quadratic and higher powers to the linear field equa-
tions
Eh
(1)
Aµ
aBB′ + Eh
(2)
Aµ
aBB′ + · · · = Eh
Aµ
aBB′ , Eψ
(1)
A′Λ
aB + Eψ
(2)
A′Λ
aB + · · · = Eψ
A′Λ
aB , (2.12)
such that there exists a gauge invariant Lagrangian (to within a total divergence)
(2)
L +
(3)
L + · · · = L (2.13)
satisfying
Eh
Aµ
aBB′(δL) = 0, Eψ
A′Λ
aB (δL) = 0, (2.14)
where the Lagrangian is related to the field equations through Eh
Aµ
aBB′(L) = Eh
Aµ
aBB′ and
Eψ
A′Λ
aB (L) = Eψ
A′Λ
aB . We restrict attention hereafter to non-higher-derivative deformations
whose terms are locally constructed from haBB′
Aµ , ψaB
A′Λ , and their derivatives, (in addition
to the spacetime coordinates) such that at most one derivative in total of haBB′
Aµ , ψaB
A′Λ ,
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ξa
Aµ , ζB
A′Λ , χAB
Aµ appears in the deformed gauge symmetries, and at most two derivatives
in total of haBB′
Aµ , ψaB
A′Λ appear in the deformed field equations. Moreover, any such defor-
mations that are related by invertible, nonlinear locally constructed field redefinitions (i.e.
change of variables) of haBB′
Aµ , ψaB
A′Λ , ξa
Aµ , ζB
A′Λ , χAB
Aµ are considered to be equivalent.
The condition of local gauge invariance (2.14) provides the determining equations for allowed
deformations.
The determining equations have a more useful and geometrical formulation as the follow-
ing Lie derivative equations. We introduce the Lie derivative operator Lδ with respect to
field variations (δhaBB′
Aµ , δψaB
A′Λ) acting on field equations (Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) by
(LδE)h
aBB′
Aµ
= δEh
aBB′
Aµ
+ Eh
cDD′
Bν
∂δhcDD′
Bν/∂haBB′
Aµ + Eψ
cD
B′Γ
∂δψcD
B′Γ/∂haBB′
Aµ + c.c.
−∂e
(
Eh
cDD′
Bν
∂δhcDD′
Bν/∂(∂ehaBB′
Aµ) + Eψ
cD
B′Γ
∂δψcD
B′Γ/∂(∂ehaBB′
Aµ) + c.c.
)
(2.15)
(LδE)ψ
aB
A′Λ
= δEψ
aB
A′Λ
+ Eψ
cD
B′Γ
∂δψcD
B′Γ/∂ψaB
A′Λ + E¯ψ
cD′
B′Γ
∂δψ¯cD′
B′Γ/∂ψaB
A′Λ
+Eh
cDD′
Bν
∂δhcDD′
Bν/∂ψaB
A′Λ − ∂e
(
Eh
cDD′
Bν
∂δhcDD′
Bν/∂(∂eψaB
A′Λ)
+Eψ
cD
B′Γ
∂δψcD
B′Γ/∂(∂eψaB
A′Λ) + E¯ψ
cD′
B′Γ
∂δψ¯cD′
B′Γ/∂(∂eψaB
A′Λ)
)
(2.16)
where
δ = δhcDD′
Bν∂/∂hcDD′
Bν + δψcD
B′Γ∂/∂ψcD
B′Γ + c.c.
+(∂eδhcDD′
Bν )∂/∂(∂ehcDD′
Bν ) + (∂eδψcD
B′Γ)∂/∂(∂eψcD
B′Γ) + c.c. (2.17)
defines the field variation operator. Here, note, we have taken into account the restrictions
on highest orders of derivatives in the field equations and field variations as relevant for
non-higher-derivative deformations.
Proposition 1. Local gauge invariance holds iff the Lie derivative of the field equations
with respect to the gauge symmetries vanishes:
Lδξ(Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0, Lδζ (Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0, Lδχ(Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0. (2.18)
These invariance equations assert geometrically that the gauge symmetries are tangent
directions to the surface defined by solutions of the field equations in the space of spin-2 and
spin-3/2 field configurations. Gauge invariance implies, consequently, that the commutations
of the gauge symmetries have the same property.
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Proposition 2. Local gauge invariance holds only if the Lie derivative of the field
equations with respect to the gauge symmetry commutators vanishes:
L[δξ1 ,δξ2 ](Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0, L[δζ1 ,δζ2 ](Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0, L[δχ1 ,δχ2 ](Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0,
L[δξ1 ,δζ2 ](Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0, L[δξ1 ,δχ2 ](Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0, L[δζ1 ,δχ2 ](Eh
Aµ
aBB′ , Eψ
A′Λ
aB ) = 0.
(2.19)
An expansion of these equations (2.18) and (2.19) in powers of the fields gives a hierarchy
of determining equations whose solutions yield all allowed deformation terms in the field
equations and gauge symmetries.
Compared with Ref. [18, 26], this framework for deformations of the linear abelian gauge
theory of a set of ordinary spin-2 and spin-3/2 fields is more general in that it does not
use the familiar choice of a symmetric tensor for the spin-2 field variables, corresponding to
σ[b
BB′ha]BB′
Aµ = 0, as imposed by gauge fixing with the linearized local Lorentz symmetry.
Indeed, the choice here of nonsymmetric spin-2 field variables haBB′
Aµ allows the framework
to encompass the related possibilities of deforming the local Lorentz symmetry on the fields
haBB′
Aµ , ψaB
A′Λ , and of having nonlinear couplings that involve the skew part of the fields
σ[b
BB′ha]BB′
Aµ .
Finally, it is important to remark that, as in Ref. [18, 26], no conditions are assumed or
required on the possibilities allowed for the form of the commutators of the deformed gauge
symmetries in the framework here. However, through the condition of gauge invariance
of the Lagrangian, closure of the deformed gauge symmetries on the solution space of the
deformed field equations will be seen to arise order by order, stemming from the fact that the
abelian gauge symmetries generate all of the gauge freedom in the solutions of the linear field
equations. Any deformation therefore automatically determines an associated infinitesimal
gauge group structure.
B. Deformation results
The solutions of the determining equations (2.18) and (2.19) can be obtained by the
methods used for the deformation analysis in Ref. [18, 19]. We now outline the steps for the
corresponding analysis here. (See Ref. [27] for more details.) To begin, the first order parts
of all allowed deformations are found by solving the 0th-order part of the Lie derivative
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commutator equations (2.19) and 1st-order part of the Lie derivative equation (2.18) for,
respectively, the linear terms in the gauge symmetries
(1)
δ haBB′
Aµ ,
(1)
δ ψaB
A′Λ and quadratic
terms in the field equations Eh
(2)
Aµ
aBB′ , Eψ
(2)
A′Λ
aB . Calculation of the gauge symmetry commutators
δ1
(0)
(δ2
(1)
haBB′
Aµ) − δ2
(0)
(δ1
(1)
haBB′
Aµ) and δ1
(0)
(δ2
(1)
ψaB
A′Λ) − δ2
(0)
(δ1
(1)
ψaB
A′Λ) then determines the lowest-
order part of the infinitesimal gauge group structure [δ1, δ2]
(0)
= δ3
(0)
. Closure of this gauge group
structure at the next lowest order is derived from equations given by the 1st-order part of
the Lie derivative commutator equations (2.19) minus the 1st-order part of the Lie derivative
equation (2.18) for the commutator gauge symmetries, where the field variables are taken to
satisfy the linear field equations, Eh
(1)
Aµ
ab = Eψ
(1)
A′Λ
aB = 0. When the gauge symmetry variables are
taken to be rigid, ξa
Aµ = const., ζB
A′Λ = const., χAB
Aµ = 0, so that
(0)
δ haBB′
Aµ =
(0)
δ ψaB
A′Λ =
0, the resulting Lie derivative equations are seen to impose integrability conditions on the
first-order parts of the deformations. In particular, algebraic conditions arise on the coupling
constants in the linear terms in the gauge symmetries and quadratic terms in the field
equations. These conditions are necessary (and, in fact, sufficient) to allow solving for
the quadratic terms in the gauge symmetries
(2)
δ haBB′
Aµ ,
(2)
δ ψaB
A′Λ and cubic terms in the
field equations Eh
(3)
Aµ
aBB′ , Eψ
(3)
A′Λ
aB from, respectively, the 1st-order part of the Lie derivative
commutator equations (2.19) and 2nd-order part of the Lie derivative equation (2.18) (with
the gauge symmetry variables no longer being rigid and the field variables no longer satisfying
the linear field equations), determining the second order parts of all allowed deformations.
Last, uniqueness of the second and higher order parts of the deformations is considered by an
induction argument. Let ∆
(k)
δ haBB′
Aµ , ∆
(k)
δ ψaB
A′Λ , ∆
(k+1)
Eh
Aµ
aBB′ , ∆
(k+1)
Eψ
A′Λ
aB denote the difference
of any two deformations that agree up to some finite order 1 ≤ k ≤ ℓ. These terms are shown
to vanish at order k = ℓ+ 1 by solving the ℓth-order part of the Lie derivative commutator
equation (2.19) and the ℓ + 1st-order part of the Lie derivative equation (2.18). Hence it
follows that any such deformations agree to all orders.
To state the main results of this analysis, it is convenient mathematically to view the set
of ordinary spin-2 fields haBB′
Aµ as being an equivalent single spin-2 field haBB′ possessing
the internal structure of a real vector space Rn⊗X, and similarly to view the set of ordinary
spin-3/2 fields ψaB
A′Λ as being an equivalent single spin-3/2 field ψaB possessing the internal
structure of a complexified vector space Rn
′
⊗Y.
Theorem 1. All non-higher-derivative deformations of the linear abelian gauge the-
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ory (2.2) to (2.7) for a set of ordinary spin-2 and spin-3/2 fields are (up to field redefi-
nitions) equivalent to the nonlinear gauge theory of an algebra-valued tetrad field ea
BB′ =
1σa
BB′ +ha
BB′ and an algebra-valued Rarita-Schwinger field ϕa
B = ψa
B given by the chiral
generalization of N= 1 supergravity theory based on a modified Grassmann algebra inter-
twined with charge conjugation. (Here σa
BB′ is a flat tetrad, and 1 is the unit element in
the algebra.)
The algebra on the vector spaces Rn⊗X,Rn
′
⊗Y, which we denote ASG, underlying this
nonlinear theory is defined by multiplication structure constants (real-valued) a
Aµ
BαCβ
, and
(complex-valued) b
Aµ
B′ΩC
′
Γ
, c
A′Λ
C′ΓBα
, d
A′Λ
BαC′Γ
. These constants satisfy the following linear
and quadratic relations
a
Aµ
BαCβ
= a
Aµ
CβBα
, (2.20)
b
Aµ
B′ΩC
′
Γ
= −b¯
Aµ
C′ΓB
′
Ω
, (2.21)
d
A′Λ
BαC′Γ
= c¯
A′Λ
CΓ′Bα
, (2.22)
and
a
Aµ
BαDν
aDνCβEσ = a
Aµ
CβDν
aDνBαEσ , (2.23)
c
A′Λ
B′ΩCα
c
B′Ω
D′ΓEµ
= c
A′Λ
D′ΓBν
aBν CαEµ , (2.24)
a
Aµ
DνBα
bDν C′ΛE ′Γ
= b
Aµ
C′ΛB
′
Ω
c
B′Ω
E ′ΓBα
, (2.25)
c
A′Λ
C′ΓDν
bDν E ′ΣB′Ω
= −c
A′Λ
B′ΩDν
bDν E ′ΣC′Γ
, (2.26)
together with the additional relations
qAµBν = qBνAµ , qBνAµa
Aµ
CαDβ
= qCαAµa
Aµ
BνDβ
, (2.27)
q′A′ΛB′Γ
= −q¯′B′ΓA′Λ
, qBνAµ b
Aµ
C′ΛD
′
Γ
= q′C′ΛE ′Ω
c
E ′Ω
D′ΓBν
, (2.28)
where an overbar denotes complex conjugation. Note that, due to the equality (2.22), the
structure constants d
A′Λ
BαC′Γ
will be suppressed hereafter.
To conclude the main results, we note that Theorem 1 can be immediately specialized to
the case of spin-2 fields alone.
Theorem 2. All non-higher-derivative deformations of the linear abelian gauge theory
(2.2), (2.4), (2.6), (2.7) for a set of ordinary spin-2 fields are (up to field redefinitions)
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equivalent to the nonlinear gauge theory given by the formulation of Einstein gravity the-
ory for an algebra-valued metric field gab = 1 ηab + σ(b
BB′
ha)BB′ using an even-Grassmann
algebra.
In this nonlinear theory the even-Grassmann algebra, which we denote AG on the vector
space Rn ⊗ X, is defined by the multiplication structure constants (real-valued) a
Aµ
BαCβ
satisfying the linear and quadratic relations (2.20), (2.23), (2.27).
III. MAIN RESULTS
The results obtained in Theorem 1 for non-higher-derivative deformations are now recast
to give a classification of nonlinear gauge theories of n ≥ 1 spin-2 fields haBB′
µ (µ = 1, . . . , n)
and n′ ≥ 1 spin-3/2 fields ψaB
Λ (Λ = 1, . . . , n′) with formal internal multiplication rules.
This will be accomplished by factorizing the algebra structure on the vector spaces Rn ⊗X
and Rn
′
⊗ Y defined by the coupling constants a
Aµ
BαCβ
, b
Aµ
B′ΩC
′
Γ
, c
A′Λ
C′ΓBα
associated with
deformations for the equivalent set of ordinary fields haBB′
Aµ , ψaB
A′Λ.
A. Algebraic structure
To proceed, we consider the factorizations
a
Aµ
BαCβ
= aµαβA
A
BC, b
Aµ
B′ΩC
′
Γ
= bµΩΓB
A
B′C′, c
A′Λ
C′ΓBα
= cΛΓαC
A′
C′B, (3.1)
together with
qAµBν = qµνQAB , q
′
A′ΛB
′
Γ
= q′ΛΓQ
′
A′B′ , (3.2)
where aµαβ, A
A
BC, qµν , QAB are real constants, and b
µ
ΩΓ, B
A
B′C′ , c
Λ
Γα, C
A′
C′B, q
′
ΛΓ, Q
′
A′B′
are complex constants. Mathematically, this corresponds to factorizing the algebra ASG
defined by (2.20) to (2.28) on Rn ⊗ X,Rn
′
⊗ Y, into an internal part on X ⊕ Y, denoted
Ainternal, with multiplication structure constants A
A
BC, B
A
B′C′ , C
A′
C′B, and a n + n
′ dimen-
sional part on Rn ⊕ Rn
′
, denoted Acoupling, corresponding to the coupling constants a
µ
αβ,
bµΩΓ, c
Λ
Γα, for a set of n spin-2 fields and n
′ spin-3/2 fields. We now substitute the fac-
torizations (3.1) and (3.2) into the linear and quadratic algebraic relations (2.20) to (2.28),
which correspondingly factorize into the following parts:
aµαβ = λ1a
µ
βα, A
A
BC = 1/λ1A
A
CB, λ1
2 = 1, (3.3)
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aµανa
ν
βσ = λ2a
µ
βνa
ν
ασ, A
A
BCA
C
DE = 1/λ2A
A
DCA
C
BE , λ2
2 = 1, (3.4)
and
bµΛΓ = λ3b¯
µ
ΓΛ, B
A
B′C′ = −1/λ3B¯
A
C′B′, λ3λ¯3 = 1, (3.5)
cΛΓνb
ν
ΣΩ = λ4c
Λ
Ωνb
ν
ΣΓ, C
A′
B′CB
C
D′E ′ = −1/λ4C
A′
E ′CB
C
D′B′ , λ4
2 = 1, (3.6)
aµναb
ν
ΛΓ = λ5b
µ
ΛΩc
Ω
Γα, A
A
BCB
B
D′E ′ = 1/λ5B
A
D′B′C
B′
E ′C, λ5 6= 0, (3.7)
cΛΩαc
Ω
Γβ = λ6c
Λ
Γνa
ν
αβ, C
A′
B′CC
B′
D′E = 1/λ6C
A′
D′BA
B
CE , λ6 6= 0, (3.8)
together with
qµν = λ7qνµ, QAB = 1/λ7QBA , λ7
2 = 1, (3.9)
qνµa
µ
αβ = λ8qαµa
µ
νβ, QBAA
A
CD = 1/λ8QCAA
A
BD, λ8
2 = 1, (3.10)
and
q′ΛΓ = λ9q¯
′
ΓΛ , Q
′
A′B′ = −1/λ9Q¯
′
B′A′ , λ9λ¯9 = 1, (3.11)
qνµb
µ
ΛΓ = λ10qΛΩc
Ω
Γν , QBAB
A
C′D′ = 1/λ10Q
′
C′A′C
A′
D′B, λ10 6= 0, (3.12)
for some constants λ. Note that the relation (3.3) implies aµαβ is either symmetric or
antisymmetric in its lower indices. Compatibility of this index symmetry with the simi-
lar symmetry imposed by the relation (3.4) requires λ1 = λ2 (or else a
µ
ανa
ν
βσ = 0 and
AABCA
C
DE = 0). The same argument applied to relations (3.9) and (3.10) leads to λ7 = λ8.
Likewise, in the case where bµΩΓ is taken to be real, then compatibility of the resulting
index symmetries imposed by (3.5) and (3.6) requires λ3 = λ4 (or else c
Λ
Γνb
ν
ΣΩ = 0 and
CA
′
B′CB
C
D′E ′ = 0).
The main properties of the internal algebra on the vector spaces X,Y and the field-
coupling algebra on the vector spaces Rn,Rn
′
defined by the algebraic equations (3.3) to (3.8)
will now be summarized. In equations (3.3) and (3.4), the condition λ1 = λ2 = ±1 leads
to two cases. For λ1 = λ2 = 1, a
µ
αβ defines multiplication structure constants of a real,
commutative, associative algebra Rn×Rn → Rn, while AABC defines multiplication structure
constants of a real, anticommutative, anti-associative algebra X ×X→ X. These algebras
exchange properties for λ1 = λ2 = −1. The multiplication laws consist of
u1u2 = ±u2u1, ̺1̺2 = ∓̺2̺1, (3.13)
u1(u2u3) = ±(u1u2)u3, ̺1(̺2̺3) = ∓(̺1̺2)̺3, (3.14)
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where u’s, ̺’s stand for elements in Rn,X.
In equations (3.5) and (3.6), consider first the situation of real algebras, arising if bµΩΓ =
b¯µΩΓ, B
A
B′C′ = B¯
A
B′C′ (which requires λ3 = λ4). Then, the condition λ3 = λ4 = ±1 leads
to two cases. For λ3 = λ4 = 1, b
µ
ΩΓ and c
Λ
Γα define multiplication structure constants of
real, commutative, associative products Rn
′
× Rn
′
→ Rn, Rn
′
× Rn → Rn
′
, while BAB′C′
and CA
′
C′B define multiplication structure constants of real, anticommutative, associative
products Y×Y → X and Y×X→ Y. These products exchange properties for λ3 = λ4 =
−1. The multiplication laws are given by
o1o2 = ±o2o1, ϑ1ϑ2 = ∓ϑ2ϑ1, (3.15)
o1(o2o3) = ±o3(o2o1) = o3(o1o2), ϑ1(ϑ2ϑ3) = ∓ϑ3(ϑ2ϑ1) = ϑ3(ϑ1ϑ2), (3.16)
where o’s, ϑ’s stand for elements in Rn
′
,Y.
The situation of complex algebras arises from equations (3.5) and (3.6) if bµΩΓ 6= b¯
µ
ΩΓ,
BAB′C′ 6= B¯
A
B′C′ . There is no relationship required between λ3 = e
iθ and λ4 = ±1 in
this situation. These conditions then lead to two cases giving either associative or anti-
associative multiplication rules (3.14) and also to a one-parameter family of cases of gener-
alized commutative-type multiplication rules
o1o2 = e
±iθ o¯1o¯2, ϑ1ϑ2 = −e
∓iθϑ¯1ϑ¯2, (3.17)
in terms of a real constant θ.
Finally, from equations (3.7) and (3.8), the previous products satisfy generalized
associative-type multiplication rules
(o1o2)u1 = λo1(o2u1), (ϑ1ϑ2)̺1 = 1/λϑ1(ϑ2̺1), (3.18)
(o1u1)u2 = λ
′o1(u1u2), (ϑ1̺1)̺2 = 1/λ
′ϑ1(̺1̺2), (3.19)
in terms of real constants λ 6= 0, λ′ 6= 0. Thus, strict associativity holds for the case
λ = λ′ = 1, whereas anti-associativity holds for the case λ = λ′ = −1. Other values of λ, λ′
yield generalized types of associativity.
Hence the algebraic equations (3.3) to (3.8) together define an internal algebra Ainternal
on X ⊕ Y with formal multiplication rules (3.13) to (3.19) for the even and odd elements
̺’s and ϑ’s, and a field-coupling algebra Acoupling on R
n ⊕ Rn
′
with multiplication structure
(3.13) to (3.19) for the even and odd elements u’s and o’s.
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The remaining algebraic equations (3.9) to (3.12) determine an inner product on the
internal algebra and on the field-coupling algebra, as will be needed for construction of
a scalar Lagrangian later. From equations (3.9) and (3.10), the independent conditions
λ7 = ±1, λ8 = ±1 yield four cases for the symmetry and invariance properties of the inner
products defined on Rn,X. For λ7 = ±1, the inner products are respectively symmetric or
antisymmetric
< u1, u2 >= ± < u2, u1 >, < ̺1, ̺2 >= ± < ̺2, ̺1 >, (3.20)
and for λ8 = ±1, invariant or anti-invariant
< u1, u2u3 >= ± < u2, u1u3 >, < ̺1, ̺2̺3 >= ± < ̺2, ̺1̺3 > . (3.21)
Similarly, from equations (3.11) and (3.12), the inner products defined on Rn
′
,Y satisfy a
two-parameter family of cases of symmetry properties
< o1, o2 >= e
±iθ< o¯2, o¯1 >, < ϑ1, ϑ2 >= −e
∓iθ< ϑ¯2, ϑ¯1 >, (3.22)
and invariance properties
< u1, o1o2 >= λ < o1, o2u1 >, < ̺1, ϑ1ϑ2 >= 1/λ < ϑ1, ϑ2̺1 >, (3.23)
in terms of a real constant θ and complex constant λ 6= 0. In the situation of real inner
products, which arise if q′ΛΓ = q¯
′
ΛΓ, Q
′
A′B′ = Q¯
′
A′B′ , the symmetry property (3.22) reduces
to strict symmetry or antisymmetry
< o1, o2 >= ±< o¯2, o¯1 >, < ϑ1, ϑ2 >= ∓< ϑ¯2, ϑ¯1 > (3.24)
while the invariance property (3.23) is restricted to λ = λ¯.
B. Nonlinear gauge theories of spin-2 fields
To begin, consider for spin-2 fields alone the factorization of the even subalgebra of ASG,
A
spin2
coupling ⊗ A
spin2
internal ≡ AG (3.25)
defining a field-coupling algebra Aspin2coupling for a set of n ≥ 1 spin-2 fields haBB′
µ whose formal
multiplication rules are given by an internal algebra Aspin2internal. This factorization combined
with the deformation results in Theorem 2 yields a classification of nonlinear gauge theories
of spin-2 fields haBB′
µ (µ = 1, . . . , n) with formal multiplication rules.
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Theorem 3. All non-higher-derivative gauge theories of a nonlinearly coupled set of
n ≥ 1 spin-2 fields haBB′
µ using formal multiplication rules are (up to field redefinitions)
given by the formulation of Einstein gravity theory for a single matrix-algebra valued metric
field gabBν
Aµ = δBν
Aµηab+a
Aµ
BνCσ
σ(b
BB′ha)BB′
Cσ such that the algebra is a factorization of an
associative, commutative algebra (3.25) as given by relations (3.3) and (3.4). The coupling
constants and multiplication rules for haBB′
µ are given by the algebras Aspin2coupling,A
spin2
internal in
this factorization.
These nonlinear spin-2 gauge theories for haBB′
µ (µ = 1, . . . , n) are most naturally con-
structed in terms of metric tensor fields
gabν
µ = aµνσhab
σ + δν
µηab (3.26)
and Christoffel connection tensors
Γcab
µ = g−1cdµν(∂(ahb)d
ν
− 1
2
∂dhab
ν) (3.27)
where g−1abµν is the inverse of gabν
µ satisfying
g−1acµνgabσ
ν = δb
cδσ
µ. (3.28)
Introduce the Riemann curvature associated with Γcab
µ by
Rabc
dµ = ∂[aΓ
d
b]c
µ + aµαβΓ
e
c[a
αΓdb]e
β, (3.29)
along with the Ricci tensor and scalar curvature
Rab
µ = Racb
cµ, Rµ = g−1abµνRab
ν . (3.30)
Then the field equations for hab
µ are given by the vacuum Einstein tensor
Gab
µ = Rab
µ
− 1
2
gabν
µRν = 0. (3.31)
The gauge invariance on solutions hab
µ is given by a general-covariance symmetry
δξhab
µ = ξ cσ∂cgabσ
µ + 2∂(aξ
cσgb)cσ
µ (3.32)
and also, trivially, by a local Lorentz symmetry
δχhab
µ = 0 (3.33)
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since the skew part of haBB′
µ does not enter hab
µ. A gauge invariant Lagrangian is readily
formulated by considering the densitized scalar curvature
Lµspin2 = det
1
2 (g)µνR
ν (3.34)
where det
1
2 (g)µν is the metric volume density given by
det
1
2 (g)µνdet
1
2 (g)νσ = gamα
µgbnβ
αgckγ
βgdlσ
γǫ abcdǫmnkl. (3.35)
Under the general-covariance symmetry (3.32), Lµspin2 is invariant (to within a total diver-
gence ∂aS
aµ) and in addition is trivially invariant with respect to the local Lorentz symme-
try (3.33). Moreover, by variation of hab
µ, Lµspin2 yields the field equations (3.31), such that
δhL
µ
spin2 = a
µ
νσG
abνδhab
σ+ a total divergence. Construction of an equivalent scalar Lagrang-
ian will be addressed shortly. It is important to emphasize here that, in the expressions for
the Lagrangian, field equations, and gauge symmetries, all products of the fields hab
µ involve
formal multiplication given by the rules of the internal algebra Aspin2internal (so any change in
the order or arrangement of the fields requires using these formal rules). As a consequence,
mathematically, these expressions are not real-valued but rather are regarded formally as
taking values in Aspin2internal.
From the algebraic results in Sec. IIIA, we see that there are only two types allowed for
the multiplication rules Aspin2internal and the accompanying coupling constants A
spin2
coupling in the
nonlinear theories (3.26) to (3.34). One type is, obviously, where Aspin2coupling is an arbitrary n
dimensional associative, commutative algebra and Aspin2internal consists of standard multiplication
so each hab
µ is formally a commuting field. In this situation, a simple case for Aspin2internal is just
given by the algebra of real numbers, R, and correspondingly, hab
µ is a set of ordinary (i.e.
real-valued) fields. The nonlinear theories (3.26) to (3.34) thereby are precisely the same
as the multi-graviton theories first found by Cutler and Wald. This is most easily seen by
employing a unit element 1 µ in Aspin2coupling (appending one if none exists [16]). Then, through
the relations aµνσ1
σ = δν
µ and gabν
µ = aµνσgab
σ, the nonlinear theories (3.26) to (3.34)
simplify to Einstein gravity theory for the Aspin2coupling-valued metric tensor
gab = 1 ηab + σ(b
BB′
ha)BB′ (3.36)
with Aspin2internal = R.
The other allowed type is instead that Aspin2coupling is an arbitrary n dimensional anticom-
mutative, anti-associative algebra and Aspin2internal comprises formal rules of anticommutative,
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anti-associative multiplication. In this situation the fields hab
µ are each formally anticom-
muting and obey an anti-associativity relation for formal products with three (or more)
fields,
̺1̺2 = −̺2̺1, ̺1(̺2̺3) = −(̺1̺2)̺3, (3.37)
where ̺’s stand for hab
µ or products of any number of hab
µ’s. An anticommutative, anti-
associative field-coupling algebra Aspin2coupling is characterized by structure constants with the
antisymmetry properties
aµ(αβ) = 0, a
µ
ν(αa
ν
β)σ = 0. (3.38)
A simple nontrivial example is given by a41 2 6= 0, a
5
1 3 6= 0, a
6
2 3 6= 0, a
7
3 4 = a
7
1 6 =
−a72 5 6= 0 (all others zero, taking into account antisymmetry) with n = 7, produc-
ing a seven-dimensional anticommutative, anti-associative algebra Aspin2coupling. (This example
arises by forming all possible anticommutative, anti-associative products of three genera-
tors: u1, u2, u3, u12 ≡ u1u2 = −u2u1, u13 ≡ u1u3 = −u3u1, u23 ≡ u2u3 = −u3u2, u123 ≡
u1u23 = −u23u1 = −u2u13 = u13u2 = u3u12 = −u12u3, and all other products equal to zero.)
These antisymmetric structure constants aµαβ yield a nonlinear multi-graviton theory (3.26)
to (3.34) for a set of seven coupled anticommuting spin-2 fields haBB′
µ (µ = 1, . . . , 7). As
illustrated by this example, the anticommuting nature (and anti-associativity) of haBB′
µ
here is tied to the number n of spin-2 fields being at least two.
Moreover, in contrast to the commutative, associative type of algebra for Aspin2coupling in the
Cutler-Wald multi-graviton theories, the new multi-graviton theories presented here for an
anticommutative, anti-associative type of algebra Aspin2coupling do not have a formulation in terms
of an Aspin2coupling-valued metric tensor (3.36), since no anticommutative algebra can admit a
unit element.
Finally, we turn to constructing a scalar Lagrangian for these multi-graviton theories. The
construction makes use of an invariant inner product on the field-coupling algebra Aspin2coupling
as follows.
Consider, first of all, the case of an associative, commutative algebra Aspin2coupling on R
n, with
structure constants aµαβ . For simplicity, it is sufficient to assume a
µ
αβ is irreducible (namely,
that the algebra is not a direct sum of two or more nontrivial subalgebras). An invariant
symmetric inner product with nondegenerate components qµν = q(µν) is characterized by
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the invariance relation
qµ[νa
µ
α]β = 0. (3.39)
Now, suppose aµαβ possesses a unit element 1
µ. Then the relation (3.39) shows that
qνσ = q
∗
µa
µ
νσ (3.40)
where q∗µ = qµν1
ν represents the dual of 1 ν with respect to the inner product. Consequently,
any inner product is obtained by fixing some constants q∗µ such that the components (3.40)
are nondegenerate. If there is a nilpotent element in the algebra, then nondegeneracy holds if
and only if the most nilpotent ideal is one-dimensional and q∗µ is chosen to be nonvanishing
on a most nilpotent element. An example of such algebras is any even-Grassmann algebra,
Gevenunit . Alternatively, if there are no nilpotent elements in the algebra, then due to the
irreducibility assumption [16], the algebra is necessarily isomorphic to R or C and then it is
sufficient to choose q∗µ to be nonvanishing on the unit element.
Proposition 3. For an associative, commutative algebra Aspin2coupling with a unit element and
with a most nilpotent ideal of at most one dimension, a scalar Lagrangian for the nonlinear
theories (3.26) to (3.34) using formal associative, commutative multiplication rules for hab
µ
is obtained simply by taking
Lspin2 = q
∗
µL
µ
spin2 (3.41)
where q∗µ projects onto the most nilpotent element or, if none, the unit element.
This Lagrangian is invariant (to within a total divergence) under the gauge symmetries
(3.32) and (3.33) and yields the field equations (3.31) by variation of hab
µ.
Next suppose Aspin2coupling is an associative, commutative algebra that is completely nilpotent.
In this case, for any constants q∗µ , clearly the components (3.40) are degenerate on the
most nilpotent ideal and so the scalar Lagrangian (3.41) breaks down as it does not contain
(at least) the field q∗µhab
µ. Of course, the relation (3.40) is merely sufficient, but not
necessary, for qνσ to satisfy the invariance property (3.39) when A
spin2
coupling does not possess
a unit element. However, for the example of nilpotent even-Grassmann algebras, Gevennilpotent,
any invariant qνσ is degenerate on the most nilpotent ideal. (For instance, consider the even-
Grassmann algebra with three nilpotent generators: u1, u2, u3, u12 ≡ u1u2, u13 ≡ u1u3, u23 ≡
u2u3, u123 ≡ u1u2u3. Since the square of any element is zero, the invariance property of
qνσ applied to < u123, u >=< u1, uu23 >=< u2, uu13 >=< u3, uu12 > forces this to vanish
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for all elements u.) An example on the other hand where an invariant nondegenerate qνσ
exists is any nilpotent monogenic associative, commutative algebra, Vp. (Namely, consider
an associative, commutative algebra that is generated by powers of a single element u such
that up+1 = 0. Then the inner product defined by < uj, uk >= δp
j+k is, clearly, invariant
and nondegenerate on the entire algebra.) In this case, a scalar Lagrangian is constructed
by the following procedure.
Proposition 4. For a completely nilpotent associative, commutative algebra Aspin2coupling with
an invariant nondegenerate inner product, a scalar Lagrangian for the nonlinear theories
(3.26) to (3.34) using formal associative, commutative multiplication rules for hab
µ is given
in terms of components qµν of the inner product by
Lspin2 = qµνL
µν (3.42)
where Lµν is the coefficient of aσµν in L
σ
spin2.
This construction works because, if we split Lσspin2 = a
σ
µνL
µν+ linear hab
σ terms, the
linear terms are found to be a total divergence and so qµνL
µν retains the gauge symmetries
and field equations of Lσspin2 due to the invariance property of qµν .
Last, consider the case of an anticommutative, anti-associative algebra Aspin2coupling on R
n,
with structure constants aµαβ . An invariant antisymmetric inner product with nondegener-
ate components qµν = q[µν] is characterized by the invariance relation
qµ(νa
µ
α)β = 0. (3.43)
Observe, here, that due to anticommutativity, the square of any element in Aspin2coupling vanishes
and hence the algebra is completely nilpotent. Consequently, although the relation (3.40)
continues to yield an invariant inner product, it is degenerate on all most nilpotent elements.
Moreover, an argument similar to the one for the example of a nilpotent even-Grassmann
algebra Gevennilpotent considered previously shows that any invariant inner product for an an-
ticommutative, anti-associative algebra generated analogously to Gevennilpotent must always be
degenerate. However, if an extra element is appended in a suitable manner, then an invariant
nondegenerate inner product exists on the enlarged algebra. (In particular, for the example
of the seven-dimensional anticommutative, anti-associative algebra with three generators
u1, u2, u3 given earlier, the nilpotency property u1
2 = u2
2 = u3
2 = 0 combined with the
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invariance property < u123, u >=< u1, uu23 >=< u2, u13u >=< u3, uu12 > forces this inner
product to vanish for all elements u. But, by appending an extra element u0 and imposing
u0u123 = 0, it follows that < u123, u0 >=< u1, u0u23 >=< u2, u13u0 >=< u3, u0u12 > 6= 0
determines an invariant nondegenerate inner product.) More generally, if we mod out with
respect to the most nilpotent ideal in an anticommutative, anti-associative algebra formed
from any number of generators, then the quotient algebra admits an invariant nondegenerate
inner product.
The construction of a scalar Lagrangian in this case now parallels Proposition 4.
Proposition 5. For an anticommutative, anti-associative algebra Aspin2coupling with an in-
variant nondegenerate inner product, a scalar Lagrangian for the nonlinear theories (3.26)
to (3.34) using formal anticommutative, anti-associative multiplication rules for hab
µ is given
by (3.42) in terms of components qµν of the inner product.
In all cases, the Lagrangians (3.34), (3.41), (3.42) are polynomial in hab
µ (and its deriva-
tives) when, and only when, the field-coupling algebra Aspin2coupling is completely nilpotent.
Moreover, in this situation these Lagrangians depend essentially on the background flat
tetrad σaBB
′
. Indeed, the nonlinear theories (3.26) to (3.34) are not independent of this flat
tetrad unless the field-coupling algebra possesses a unit element.
As a final remark it is worth noting that the inner products on Aspin2coupling underlying these
scalar Lagrangians are of indefinite sign [22, 26, 27] whenever the field-coupling algebra is
nontrivial (in particular, if the most nilpotent ideal is a proper subalgebra). Consequently,
the canonical stress-energy tensor derived from the scalar Lagrangian associated to the set
of coupled fields hab
µ lacks any formal positivity properties, in contrast to the well-known
dominant energy property of the stress-energy tensor in the case of a single field hab .
C. Supersymmetric extensions
It is straightforward to construct supersymmetric extensions of the nonlinear multi-
graviton theories (3.26) to (3.34), starting from a factorization of the algebra ASG =
Acoupling ⊗ Ainternal to obtain a field-coupling algebra Acoupling for a set of n ≥ 1 spin-2
fields haBB′
µ (µ = 1, . . . , n) and n′ ≥ 1 spin-3/2 fields ψaB
Λ (Λ = 1, . . . , n′) whose formal
multiplication rules are given by an internal algebra Ainternal.
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From the algebraic results in Sec. IIIA, we see that the allowed multiplication rules
Ainternal and accompanying coupling constants Acoupling comprise a rich variety of types.
First of all, note the algebras possess a semidirect product structure stemming from a natural
grading into even and odd parts, A
even/odd
coupling and A
even/odd
internal , which correspond respectively to
the spin-2 fields (assigned even-grading) and the spin-3/2 fields (assigned odd-grading).
The even parts Aevencoupling and A
even
internal are given by the two types of algebras AG discussed
in Sec. III B for the case of spin-2 fields alone. The odd parts Aoddcoupling and A
odd
internal involve
the product structure AoddSG × A
odd
SG into A
even
SG , called odd multiplication, and A
odd
SG × A
even
SG
into AoddSG , called even-odd multiplication, which defines the semidirect product of A
even
SG with
AoddSG . In addition, A
odd
SG is allowed to be complexified whereas A
even
SG is necessarily real, with
complex conjugation representing charge conjugation on the spin-2 and spin-3/2 fields.
In the case of real algebras ASG, the only allowed types of odd multiplication are associa-
tive and either anticommutative or commutative, while the allowed even-odd multiplication
exhibits a two-parameter type of generalized associativity. The case of complexified algebras
ASG is richer in allowed types, due to intertwining of complex conjugation with both odd
multiplication and even-odd multiplication. This will not be explored in further detail here.
To proceed, the supersymmetric extension of the nonlinear theories (3.26) to (3.34) for a
set of fields haBB′
µ (µ = 1, . . . , n) and ψaB
Λ (Λ = 1, . . . , n′) with coupling constants given by
Acoupling and using formal internal multiplication rules of Ainternal is based on the following
main result.
Theorem 4. All non-higher-derivative gauge theories of a nonlinearly coupled set of n ≥ 1
spin-2 fields haBB′
µ and n′ ≥ 1 spin-3/2 fields ψaB
Λ using formal multiplication rules are
(up to field redefinitions) given by the chiral generalization of N= 1 supergravity theory [21]
for a single real, matrix-algebra valued tetrad field eaBB′Bν
Aµ = δBν
AµσaBB′ +a
Aµ
BνCσ
haBB′
Cσ
and a single conjugate-pair of complex, matrix-algebra valued vector-spinor fields ϕaBBν
A′Λ =
c
A′Λ
C′ΓBν
ψaB
C′Γ, ϕ¯aB′C′Γ
Aµ = b
Aµ
B′ΛC
′
Γ
ψ¯aB′
B′Λ such that the algebra is a factorization of a modi-
fied associative, graded-commutative algebra ASG = Acoupling ⊗ Ainternal that intertwines with
charge conjugation as given by relations (3.3) to (3.8). The coupling constants and multi-
plication rules for haBB′
µ and ψaB
Λ are given by the algebras Acoupling,Ainternal in this fac-
torization.
The resulting nonlinear gauge theories for the fields haBB′
µ, ψaB
Λ (µ = 1, . . . , n, Λ =
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1, . . . , n′) are most naturally formulated in terms of vector-spinors
ϕaBν
Λ = cΛΓνψaB
Γ, ϕ¯aB′Γ
µ = bµΛΓψ¯aB′
Λ, (3.44)
and tetrads
eaBB′ν
µ = aµνσhaBB′
σ + δν
µσaBB′ , eaBB′Γ
Λ = cΛΓσhaBB′
σ + δΓ
ΛσaBB′ , (3.45)
along with Lorentz spin connections and curvatures
ωa
CDµ = ωa
(CD)µ
, Rab
CDµ = ∂[aωb]
CDµ + aµαβω[a
CEαωb]E
Dβ (3.46)
determined by the torsion equation
∂[be
DD′
c]ν
µ
− aµνσω[b|B
DαeBD
′
|c]α
σ + c.c. = −ϕ¯D
′
[b|Γ
µϕD|c]ν
Γ. (3.47)
This equation can be solved for ωa
CDµ by using the inverse tetrads which satisfy
eaCC′σ
νe−1aBB
′µ
ν = ǫ B
Cǫ B′
C′δσ
µ, eaCC′Ω
Γe−1aBB
′Λ
Γ = ǫ B
Cǫ B′
C′δΩ
Λ, (3.48)
where ǫ BC is the spin metric. The field equations for haBB′
µ and ψaB
Λ are given by the
Einstein equation with spin-3/2 matter source
GaBB
′µ
− T aBB
′µ = 0, (3.49)
and by the Rarita-Schwinger equation
F [bc|D
ΓeDD
′
|a]Γ
Λ = 0, (3.50)
where
F cdB
Λ = ∂[cψd]B
Λ + ϕ[d|Eσ
Λω|c]B
Eσ (3.51)
is the covariant Rarita-Schwinger field strength, and where
GaBB
′µ = eBB
′
bν
µ(Rabν − 1
2
g−1abνσR
σ) (3.52)
is the spinorial Einstein tensor for the metric fields
gabν
µ = eaBB′σ
µeBB
′
bν
σ, (3.53)
with Ricci tensor Rabν and scalar curvature Rσ given by (3.30), and
T aBB
′µ = 1
2
ieabcdµνϕ¯
B′
bΓ
νFBcd
Γ + c.c. (3.54)
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is the spinorial stress-energy tensor. Here
eabcdν
µ = det(e)µνǫ abcd = 2ie
A
[a|A′α|
µeA
′
b|Bβ|
αeBc|C′γ|
βeC
′
d]Aν
γ (3.55)
is the tetrad volume tensor, with
det(e)µν = det
1
2 (g)µν . (3.56)
Gauge invariance on solutions haBB′
µ and ψaB
Λ is given by a general-covariance symmetry
δξhaBB′
µ = ξ cσ∂ceaBB′σ
µ + ∂aξ
cσecBB′σ
µ, δξψaB
Λ = ξ cσ∂cϕaBσ
Λ + ∂aξ
cσϕcBσ
Λ, (3.57)
as well as a local Lorentz symmetry
δχhaBB′
µ = χB
CνeaCB′ν
µ + c.c., δχψaB
Λ = ϕaCσ
ΛχB
Cσ, (3.58)
and a supersymmetry
δζhaBB′
µ = ϕ¯aB′Γ
µζB
Γ + c.c., δζψaB
Λ = ∂aζB
Λ + cΛΓσζc
ΓωaB
Cσ, (3.59)
for arbitrary vector fields ξ cσ and arbitrary spinor fields ζB
Γ and χBC
ν = χ(BC)
ν . A gauge
invariant Lagrangian is obtained by considering the densitized sum of a gravitational scalar
curvature term and matter current term
Lµspin2,3/2 = ǫ
abcd 1
4
i
(
2(ecCC′ν
µeC
′
Ddσ
ν)Rab
CDσ + ϕ¯aBΓ
µ(F cdB
ΩeBB
′
bΩ
Γ)
)
+ c.c. . (3.60)
Under the symmetries (3.57) to (3.59), Lµspin2,3/2 is invariant (to within a total divergence
∂aS
aµ). In addition, by variation of haBB′
µ and ψaB
Λ, Lµspin2,3/2 yields the field equations
(3.49) and (3.50). Note that all products of the fields haBB′
µ and ψaB
Λ in the Lagrangian,
field equations, and gauge symmetries involve formal multiplication rules given by Ainternal
(which must be used for reordering or rearranging of products). Consequently, these expres-
sions are to be regarded formally as taking values in Ainternal.
When Acoupling is an arbitrary n + n
′ dimensional commutative, associative graded alge-
bra and Ainternal consists of standard Grassmann multiplication, the nonlinear theories (3.44)
to (3.60) describe a N = 1 supersymmetric extension of the multi-graviton gauge theories of
Cutler and Wald, where the n > 1 spin-2 fields haBB′
µ are each formally commuting while
the n′ > 1 spin-3/2 fields ψaB
Λ are each formally anticommuting (with all products obeying
ordinary associativity). The odd-Grassmann multiplication rules in this extension can be
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modified to intertwine with charge conjugation, so ψaB
Λ is no longer strictly anticommuting
while haBB′
µ remains commuting (and products are no longer strictly associative) analo-
gously to the single graviton and graviton case (n = n′ = 1) discussed in Ref. [21]. The
field coupling constants can be generalized correspondingly, such that commutativity and
associativity with respect to Aoddcoupling hold only up to complex conjugation.
A different extension of the Cutler-Wald multi-graviton theories is given by using standard
multiplication rules for the spin-2 and spin-3/2 fields, corresponding to when Ainternal is
simply the algebra of real numbers, R, while Acoupling is now a real, graded-commutative,
associative algebra, whose structure constants aµαβ , b
µ
ΩΓ, c
Λ
Γα are characterized by the
relations
aµ[αβ] = 0, (3.61)
bµ(ΩΓ) = 0, c
Λ
(Γ|ν|b
ν
Σ)Ω = 0, (3.62)
together with
aµναb
ν
ΛΓ = b
µ
ΛΩc
Ω
Γα, c
Λ
Ωαc
Ω
Γβ = c
Λ
Γνa
ν
αβ. (3.63)
In this multi-graviton and multi-gravitino gauge theory, because haBB′
µ as well as ψaB
Λ are
each ordinary commuting fields, supersymmetry gauge invariance of the theory relies on the
antisymmetry properties of the spin-3/2 coupling constants (3.62), which requires that the
number n′ of spin-3/2 fields be at least two. (This is somewhat analogous to aspects of the
structure of Yang-Mills gauge theory for a set of spin-1 fields.) These coupling constants in
the field-coupling algebra Ainternal, moreover, can be generalized to become complex valued
with antisymmetry properties that now involve complex conjugation
bµΛΓ = −b¯
µ
ΓΛ 6= −b
µ
ΓΛ, c
Λ
Γνb
ν
ΣΩ = c
Λ
Ων b¯
ν
ΓΣ 6= c
Λ
Ωνb
ν
ΓΣ. (3.64)
The previous two types of multi-graviton and multi-gravitino theories (3.44) to (3.60) can
be reformulated simply in terms of an Aevencoupling-valued tetrad field and an A
odd
coupling-valued
vector-spinor field
ea
BB′ = 1σa
BB′ + ha
BB′ , ϕa
B = ψa
B (3.65)
through employing a unit element 1 µ in Acoupling (appending one if none exists [16]). This
tetrad ea
BB′ is related to the spin-2 field variable (3.45) in a similar way to the metric tensor
field (3.26) and (3.36) in the Cutler-Wald multi-graviton theories. An analogous relation is
evident between the vector-spinor ϕa
B and spin-3/2 field variable (3.44).
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A more interesting and highly novel multi-graviton and multi-gravitino gauge theory is
obtained when Aeveninternal consists of formal rules of anticommutative, anti-associative multi-
plication while Aoddinternal consists of standard commutative, associative multiplication rules.
This makes the spin-2 fields haBB′
µ each formally anticommuting and the spin-3/2 fields
ψaB
Λ each formally commuting, as summarized by the rules (3.37) together with
ϑ1ϑ2 = ϑ2ϑ1, ϑ1(ϑ2ϑ3) = (ϑ1ϑ2)ϑ3, (3.66)
ϑ1(̺1̺2) = (ϑ1̺1)̺2, (ϑ1ϑ2)̺1 = ϑ1(ϑ2̺1) = (ϑ1̺1)ϑ2, (3.67)
where ϑ’s stand for ψaB
Λ or odd-graded products of ψaB
Λ’s and haBB′
µ’s, while ̺’s stand
for hab
µ or even-graded products of ψaB
Λ’s and haBB′
µ’s. These formal multiplication rules
(3.37), (3.66) and (3.67) reverse the usual spin-statistics relation at the classical level, and
therefore we will refer to them as reverse-Grassmann graded-associative multiplication rules.
At the same time, the field-coupling algebra Acoupling is given by an arbitrary n+ n
′ dimen-
sional anticommutative, graded-associative algebra, whose n dimensional even part Aevencoupling
is anti-associative. The structure constants aµαβ, b
µ
ΩΓ, c
Λ
Γα of Acoupling are characterized by
the relations (3.38), (3.62) and (3.63). It is straightforward to show that the antisymmetry
relations (3.38) and (3.62) imply
aµνσb
ν
ΛΓb
σ
ΣΩ = 0. (3.68)
For these relations to be satisfied, there is, in general, a tradeoff between the degree of
nontriviality of bµΩΓ compared with c
Λ
Γα and a
µ
αβ . We consider two simple examples. First,
b11 2 6= 0, b
2
1 3 6= 0, b
3
2 3 6= 0, b
4
1 4 6= 0, b
5
2 4 6= 0, b
6
3 4 6= 0, and c
4
1 3 = −c
4
2 2 = c
4
3 1 6= 0,
c51 5 = −c
5
2 4 = c
5
4 1 6= 0, c
6
2 6 = −c
6
3 5 = c
6
4 3 6= 0, (all others zero, taking into account
antisymmetry) with n′ = 8, n = 6, which produces a fourteen-dimensional anticommutative,
associative algebra where the entire even subalgebra is most nilpotent. (This example arises
by forming all possible anticommutative products of four odd generators: o1, o2, o3, o4, o12 ≡
o1o2, o13 ≡ o1o3, o23 ≡ o2o3, o14 ≡ o1o4, o24 ≡ o2o4, o34 ≡ o3o4, o123 ≡ o1o23 = −o2o13 =
o3o12, o124 ≡ o1o24 = −o2o14 = o4o12, o134 ≡ o1o34 = −o3o14 = o4o13, o234 ≡ o2o34 = −o3o24 =
o4o23 such that o12o34 = o13o24 = o23o14 = 0, and all other products equal to zero.) Second,
a31 2 6= 0, and c
1
2 1 6= 0, c
3
4 1 6= 0, b
2
2 4 6= 0, b
3
1 4 = b
3
2 3 6= 0, (all others zero, taking into
account (anti)symmetry) with n = 3, n′ = 4, producing a seven-dimensional associative,
anticommutative algebra. (This example arises by forming all possible anticommutative
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even-graded products of a single even generator and four odd generators: u, o1, o2, o3, o4
such that uo2 = o1, uo3 = o4, o14 ≡ o1o4, o23 ≡ o2o3, o24 ≡ o2o4 and hence uo24 = o14 =
−uo42 = o23, with all other products equal to zero.) It is easy to extend these two examples
to obtain an anticommutative, graded-associative algebra by enlarging the even subalgebra
to make it anti-associative (namely, via appending additional even generators).
Compared with the supersymmetric extensions of the Cutler-Wald multi-graviton theo-
ries, note that the new multi-graviton and multi-gravitino theories presented here do not
have a formulation in terms of Acoupling-valued fields (3.65), since no anticommutative algebra
can admit a unit element.
Finally, a scalar Lagrangian for these multi-graviton and multi-gravitino gauge theories
(3.44) to (3.60) is readily obtained by the same kind of procedure as summarized in Propo-
sitions 3 to 5 for the multi-graviton gauge theories (3.26) to (3.34).
Proposition 6. (i) For Acoupling given by a commutative, associative graded algebra with
a unit element, a scalar Lagrangian for the nonlinear theories (3.44) to (3.60) using formal
Grassmann multiplication rules for haBB′
µ and ψaB
Λ is obtained by
Lspin2,3/2 = q
∗
µL
µ
spin2,3/2 (3.69)
where q∗µ projects onto a most nilpotent element (or, if none, a unit element) in Acoupling.
(ii) For Acoupling given by an anticommutative, graded-associative algebra, a scalar La-
grangian for the nonlinear theories (3.26) to (3.34) using formal reverse-Grassmann graded-
associative multiplication rules for haBB′
µ and ψaB
Λ is constructed in terms of components
qµν = q[µν], q
′
ΛΓ = q
′
[ΛΓ] of an invariant nondegenerate inner product on Acoupling by
Lspin2,3/2 = qµνL
µν
spin2 + q
′
ΛΓL
ΛΓ
spin3/2 (3.70)
where Lµνspin2 and L
ΛΓ
spin3/2 are the coefficients defined from L
σ
spin2,3/2 = a
σ
µνL
µν
spin2 +
bσΛΓL
ΛΓ
spin3/2+ linear haBB′
σ terms.
(iii) For Acoupling given by a graded-commutative, associative algebra, a scalar Lagrangian
for the nonlinear theories (3.26) to (3.34) using ordinary multiplication rules for haBB′
µ and
ψaB
Λ is obtained from either (3.69) if Acoupling possesses a unit element, or (3.70) if Acoupling
is completely nilpotent.
In case (i), the most nilpotent ideal in Aevencoupling is required to be one-dimensional, which
holds if Acoupling is any even-Grassmann graded algebra such that the number of generators
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is an even integer. In case (ii), we note that the invariance property of the inner product is
characterized by the relation (3.43) together with
qνµb
µ
ΛΓ = q
′
ΛΩc
Ω
Γν . (3.71)
Further details will not be pursued for this case other than to remark that, as in the situation
for anticommutative, anti-associative algebras Acoupling discussed in Sec. III B, invariance and
nondegeneracy of an inner product necessarily forces some restrictions on the most nilpotent
ideals associated with even and odd multiplication in Acoupling. Case (iii) obviously requires
the same conditions on Acoupling as noted in cases (i) and (ii).
IV. CONCLUDING REMARKS
This paper has obtained a complete classification of the possibilities allowed for non-
higher-derivative classical gauge theories of a nonlinearly coupled set of any number of spin-2
fields and spin-3/2 fields with general formal internal multiplication rules. The classifica-
tion includes, as a special case, all allowed possibilities for a nonlinearly coupled set of any
number of spin-2 fields alone. This classification in the spin-2 case has found a novel type of
nonlinear gauge theory for two or more spin-2 fields, with coupling constants given by anti-
commutative, anti-associative algebras, and using formal multiplication rules that make the
spin-2 fields anticommuting (while products obey anti-associativity). Moreover, apart from
the previously known type of nonlinear gauge theories found by Cutler and Wald for one or
more ordinary commuting spin-2 fields whose coupling constants arise from commutative,
associative algebras, the classification shows that there are no other possibilities. Supersym-
metric extensions of these nonlinear theories have been obtained and further proved to be
the only allowed possibilities in the more general case when spin-3/2 fields are included.
The framework used for obtaining these main results consists of a deformation analysis
of the linear gauge theory for a set of uncoupled spin-2 and spin-3/2 fields with a common
internal vector space structure for each field as necessary for accommodating formal mul-
tiplication rules. Determining equations for deformation terms have been formulated and
solved by the methods of Ref. [18, 19] generalized to the case of more than one spin-2 field
and more than one spin-3/2 field. It is important to emphasize that no assumptions or
special conditions were imposed here on the form considered for possible deformation terms
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except for requiring these terms to involve no higher derivatives than those appearing in the
linear field equations and abelian gauge symmetries.
The results and framework here give a culmination of much previous work in the literature
on non-higher-derivative deformations for gauge theories of spin-2 fields [5, 6, 7, 8, 9, 10,
11, 15, 18, 26], including couplings to spin-3/2 fields [14, 31, 32, 33], in four spacetime
dimensions. In particular, uniqueness results for such deformations are strengthened in
this paper through the use of a nonsymmetric tensor analogous to a tetrad for the spin-2
field variable, which has given a strong no-go theorem on possibilities for deforming the local
Lorentz symmetry on the spin-2 field variable (and spin-3/2 field variable), and for producing
couplings that involve the skew part of the spin-2 field variable. At the same time, this
paper considerably generalizes all previous frameworks by encompassing the most general
possibilities for formal rules other than commutative, associative multiplication of spin-2
fields, and its extension to Grassmann multiplication of spin-3/2 fields, which has uncovered
the novel existence of consistent nonlinear couplings for more than one anticommuting spin-2
field and supersymmetric extensions with more than one commuting spin-3/2 field.
Some further lines of work are suggested by the main results discussed above. Do the new
multi-graviton and multi-gravitino gauge theories found here have a well-posed initial value
formulation as classical field theories? This could be expected to hold by comparison with the
initial value formulation of N= 1 supergravity as a single graviton and gravitino classical field
theory. Is there a consistent quantization for the new gauge theories with the multi-graviton
and multi-gravitino quantum fields obeying reversed spin-statistics commutation relations
that mirror the formal multiplication rules found here at the classical level? This could be
investigated first for a model nonlinear theory of, for example, coupled anticommuting scalar
fields and commuting neutrino or Dirac fields as obtained in a manner analogous to way in
which the new multi graviton and gravitino gauge theories are derived from the formulation
of N= 1 supergravity for an algebra-valued spin-2 field and spin-3/2 field.
APPENDIX: GRADED ALGEBRAS
In this appendix, some definitions and structure of graded algebras are summarized.
Throughout let A be an algebra possessing a grading that determines a decomposition into
even and odd subspaces A = Aeven ⊕ Aodd such that products of two even elements are
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even, products of two odd elements are even, and products of one even element and one odd
element are odd.
A unit element 1 , if one exists, is an element in Aeven such that 1x = x1 = x for all
elements x in A. A non-unit element element x in A is nilpotent if the p-fold product of
itself, denoted xp, vanishes for some integer p > 1. A most nilpotent element A is a nilpotent
element y whose product with all other nilpotent elements x vanishes, xy = 0. A is called
completely nilpotent if every element in A is nilpotent.
A is an associative algebra if all multiplication obeys associativity, namely, x(yz) =
(xy)z for all elements x, y, z in A. An associative algebra A is (anti) commutative if all
multiplication is (anti) commutative, namely, xy = (−)yx for all elements x, y in A. An
associative algebra A is graded-commutative if odd multiplication is anticommutative, even
multiplication is commutative, and even-odd multiplication is commutative, namely, xy = yx
for all elements x, y in Aeven, xy = −yx for all elements x, y in Aodd, and xy = yx for all
elements x in Aeven and y in Aodd.
A nilpotent Grassmann algebra Gnilpotent is an associative, graded-commutative algebra
A formed by the span of all possible products of some number of odd generators, namely,
o1, o2, . . ., o12 ≡ o1o2, o13 ≡ o1o3, o23 ≡ o2o3, . . ., o123 ≡ o1o2o3, . . ., etc. A Grassmann algebra
Gunit is the enlargement of a nilpotent Grassmann algebra obtained by appending a unit
element 1 . A (nilpotent) even-Grassmann algebra is an associative, commutative algebra
isomorphic to the even subalgebra Geven of a (nilpotent) Grassmann algebra. Equivalently,
a (non-nilpotent) even-Grassmann algebra is formed by the span of (a unit element together
with) all possible products of some number of even generators whose square is zero, namely,
u1, u2, u3, . . ., u12 ≡ u1u2, u13 ≡ u1u3, u23 ≡ u2u3, . . ., u123 ≡ u1u2u3, . . ., etc.
A is an anticommutative, graded-associative algebra if products of two elements are
anticommutative, and products of three or more even elements are anti-associative, while all
other products are associative, namely, xy = −yx, x(yz) = −(xy)z for all elements x, y, z
in Aeven, and x(yz) = (xy)z for all elements where at least one of x, y, z is in Aodd.
A reverse-Grassmann graded-associative algebra is defined here to be an algebra A such
that even multiplication is anticommutative and anti-associative, odd multiplication and
even-odd multiplication are each commutative and associative.
The set of most nilpotent elements in an algebra A forms an ideal, while the set of
nilpotent elements also forms an ideal if multiplication is either (anti) associative or graded-
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associative, and if multiplication is either (anti) commutative or graded-commutative.
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